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Abstract. We construct examples of isometric M-theory backgrounds which preserve a different 
amount of supersymmetry depending on the choice of spin structure. These examples are of the 
form AdS4 xL, where L is a seven-dimensional lens space whose fundamental group is cyclic of 
order 4k. 



1. Introduction 

The purpose of this brief note is to highlight and illustrate the importance of specifying the 
spin structure as part of the data defining a supergravity background. For every positive integer 
k we will construct pairs of M-theory backgrounds with the same geometry and flux but with two 
different spin structures and such that the amount of supersymmetry which is preserved depends on 
the choice of spin structure. We will construct these backgrounds by quotienting the Freund-Rubin 
background AdS4 x S 7 [I] of eleven-dimensional supergravity EI by a cyclic group of order 4k 
acting freely on the sphere. 

The precise geometry of the Freund-Rubin background is 

AdS 4 (-8s) X S 7 (7s) with flux F = Vte dvol(AdS 4 ) 

where the parameter s > is the negative eleven-dimensional scalar curvature R — —s and the 
numbers in parenthesis are the scalar curvatures of each of the geometries, this being the only 
modulus in a manifold of constant sectional curvature. 

The supersymmetry of this background boils down to the existence of geometric Killing spinors 
in each factor: 

V X <P = \fX ■ cj) on AdS 4 
Vx4> = -±}X-^ onS 7 , 



where / = V6s. The space of Killing spinors is 32-dimensional and as a representation of the 
isometry Lie algebra so(2, 3) © so(8) of the background it is isomorphic to 

where & p,q denotes the half-spin representation of so(p, q) and the subscript denotes chirality, if 
relevant. The chirality of the 8-dimensional half-spin representation has to do with the sign of the 
"Killing constant" / in the above Killing spinor equations. Changing the sign of / is tantamount 
to changing the sign of F which in turn is tantamount to reversing the orientation of the sphere. 
We will use this device below to simplify the discussion in certain points. The lesson is thus not so 
much that the 8-dimensional spinor representation has negative chirality, but that it is chiral. 

A cyclic group V C SO (8) acts isometrically on the round sphere S 7 C R 8 by restricting to the 
sphere the linear action on R 8 . We will assume that T acts freely on the sphere, so that no element 
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(except the identity) fixes a point in the sphere. In this case, the quotient S 7 /T is smooth and 
locally isometric to S 7 : it is called a lens space. In particular it has constant positive sectional 
curvature, hence it is a spherical space form. The determination of all spherical space forms has a 
long history culminating in Wolf's solution [3]. 

As explained, for example, in the quotient S 7 /V will admit a spin structure if and only if 

the action of T on the orthonormal frame bundle of S 7 lifts to the spin bundle. The total space of 
the orthonormal frame bundle of the round sphere S 7 is the Lie group SO (8), which fibres over S 7 
with typical fibre SO(7). Indeed, S 7 can be thought of as the homogeneous space SO(8)/ SO(7). 
The action of T C SO (8) on the orthonormal frame bundle is simply left multiplication in the group 
SO (8) itself. 

The total space of the spin bundle of S 7 is the spin group Spin(8) which fibres over S 7 with fibre 
Spin(7). We will let 9 : Spin(8) — > SO(8) denote the two-to-one covering map. The action of T on 
SO(8) will lift to the spin bundle if and only if there exists a subgroup T C Spin(8) which is mapped 
isomorphically to T under 9. The action of such T on the spin bundle is via left multiplication on 
the spin group itself. Thus we see that the spin structures in the quotient S 7 /T are in one-to-one 
correspondence with the isomorphic lifts T C Spin(8) of T. 

A cyclic group T is specified by exhibiting a generator A. If T has order n, then A n = 1. We will 
investigate the existence of the subgroup V C Spin(8) by lifting the generator A to A 6 Spin(8), 
there being two such lifts distinguished by a sign, and then checking whether there exists a choice 
of sign for which the relation A n = 1 is satisfied in Spin(8), thus recovering an isomorphic group. 
We will work with Spin(8) inside the Clifford algebra Q?(8), where in our conventions the Clifford 
product obeys v 2 = — \v\ 2 t for v £ R 8 , or in terms of gamma matrices, 

lilj + = -25ijt . 

The map 9 : Spin(8) — > SO(8) is given explicitly in terms of the Clifford algebra as follows. Recall 
that Spin(8) embeds in the Clifford algebra as the product of even number of elements of S 7 C R 8 : 

Spin(8) = { Vl v 2 ■ ■ ■ v 2k | Vi £ R 8 , \Vi\ = 1} . 

If v £ R 8 and s = ViV% ■ ■ ■ v 2 k € Spin(8), then 

9(s) ■ v = svs , 

where s — v 2 k '••V\. Since for w £ S 7 , v i— > wvw = v — 2 (v, w) w is the reflection in the 
hyperplane perpendicular to w, we see that this formula exhibits the action of SO(8) on R 8 as a 
composition of reflections. In particular it is clear from this observation that if v £ R 8 then so is 
svs, as claimed. 

If r c SO (8) lifts isomorphically to V C Spin(8), then we can investigate whether S' 7 /r admits 
any Killing spinors. Bar's cone construction relates Killing spinors on S 7 to parallel spinors on 
R 8 , which are themselves in one-to-one correspondence with the relevant half-spin representation of 
Spin(8). Moreover this correspondence is equivariant with respect to the isometry group. Therefore 
Killing spinors on S 7 /T are in one-to-one correspondence with T-invariant parallel spinors in R 8 , or 
equivalently with T-invariant spinors in the relevant half-spin representation of Spin(8). What this 
means in practise is that we must check, for each isomorphic lift T — that is, for each inequivalent 
spin structure in the quotient — whether T preserves any spinors in the half-spin representations 
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2. Seven-dimensional lens spaces 



Every cyclic subgroup T C SO(8) is conjugate (perhaps by 0(8)) to r(n, a, b, c), a cyclic subgroup 
of order n generated by 
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where R{9) denotes the rotation matrix 

R{B) = 



cos 2ir6 sin 2ir9 
-sin27r6> cos27r# 



and where (a,ri) = (b,n) = (c,n) = 1. Without loss of generality we can order them so that 
l<a<b<c<n. In choosing a,b,c positive we may have used conjugation by 0(8). Such 
conjugations may change the orientation of the sphere, which in turn change the Killing constant in 
the Killing spinor equation on S 7 or, equivalently, the chirality of the parallel spinors in IR 8 . What 
this means in practise is that we must consider both half-spin representations &\. 
There are two possible lifts of A to Spin(8) C Ct{%), distinguished by a sign e: 



. 7T an bit cn 

A = eexp -7x2 H 734 -) 7 56 -) j 78 

n n n n 



obeying 



A n = £™(-l) 



l + a+b+c 



t 



We distinguish two cases. If n is even, then a, b, c are odd and hence l + a + 6 + cis even. 
Therefore A n = 1 for either choice of e. Therefore there are two inequivalent spin structures in 
the corresponding quotient. If n is odd, we choose e = (— i) 1 + a + b + c ; whence there is a unique spin 
structure in the quotient. 

The eigenvalues of A in the Clifford module are given by 

eexp [ — (crx + a(T 2 + ba 3 + C04) 

with Oi signs whose product 0\02<J?,<j^ determines the chirality. Since l<a<b<c<n, the only 
way that this can be equal to 1 is if 

o\ + ao-i + 603 + CCT4 = 0, ±n, ±2n 

depending on the value of e: 0,±2n for e = 1 and ±n for e = —1. In practise we do not have to 
worry about this dichotomy, because the existence of an invariant spinor implies the existence of a 
spin structure in the quotient, as explained, for example, in Section 5.2]. 
Let us consider some cases as a way of illustration. 

2.1. n = 2. Here we have only one possible choice a = b = c = 1, and the resulting geometry is 
AdS4 xRP 7 . We will have an invariant spinor whenever the weights Oi add up to 0, ±2, ±4. For the 
"positive" spin structure, we require the sum to be either or ±4. This happens for the following 
choices of weights: ± ± ±±, ± ± =f=f, ± =F ±=F and ± =F =F±, for a total of 8 all of positive chirality. 
For the "negative" spinor structure we require the sum to equal ±2. This happens for ± ± ±=F, 
± ± =F±, ± =F ±± and ± =F TT for a total of 8 all of negative chirality. We conclude that this 
quotient preserves all of the supersymmetry of the vacuum. 



4 



FIGUEROA-O'FARRILL AND GADHIA 



It was proved by Franc that of all the lens spaces, RP 4fe+3 is the only one (apart from the 
sphere itself) admitting the maximal number of Killing spinors and it was later proved by Bar [9J 
that this is still the case among all spherical space forms. 

2.2. n = 3. The possible choices for (a, b, c) are (1,1,1), (1,1,2) and (1,2,2). The other choice 

(2.2.2) gives the same quotient as (1,1,2) since they generate conjugate subgroups. Let us take 
each case in turn. 

2.2.1. (1, 1, 1). We require u\ + a 2 + 03 +0-4 = 0, which happens for 6 weights ± ± =F=F, ± =F ±T 
and ± =F T±, all of positive chirality. 

2.2.2. (1, 1, 2). Here we require cri + 02 + 03 + 2a^ = ±3, which happens for 6 weights =F ± 
± =F ±±, and ± ± =F±, all of negative chirality. 

2.2.3. (1, 2, 2). Here we can have o\ + a% + 203 + 204 = 0, ±6, which happens for 6 weights ±±±±, 
± =F ±T and ± =F T±, all of positive chirality. 

2.3. n — A. Again there are three possible choices for (a, b,c): (1,1,1), (1,1,3) and (1,3,3), with 

(3.3.3) and (1,1,3) generating conjugate subgroups. 

2.3.1. (1, 1, 1). Here we can have <J\ + <r 2 + 0-3 + 04 = 0,±4, with those weights adding up to 
and those to ±4 in different spin structures. For the positive spin structure, they must add up to 
zero and there are six such weights of all positive chirality: ± ± =F=F, ± =F ±=F and ± =F =F±. For 
the negative spin structure, they must add up to ±4 and there are two such weights ± ± ±± all of 
positive chirality. 

2.3.2. (1, 1, 3). Again we can have o\ + 02 + 03 + 0-4 = 0, ±4. For the positive spin structure, the 
sum must give which happens for two negative-chirality weights: ± ± ±=F. For the negative spin 
structure, the sum must give ±4 which happens for 6 negative-chirality weights: =F ± ±±, ± T ±± 
and ± ± =F±. 

2.3.3. (1,3,3). Here we can have o\ + a 2 + 03 + 0-4 = 0,±4,±8. For the positive spin structure 
the sum must either be or ±8, which happens for 6 positive-chirality weights: ± ± ±±, ± =F ±=F 
and ± =F =F±. For the negative spin structure, the sum must be ±4 and this happens for two 
positive-chirality weights: ± ± =F=F. 

Either one of these quotients constitutes possibly the simplest example of the phenomenon which 
we would like to illustrate: the same geometry AdS4 x(S' 7 /Z4) preserves a different amount of 
supersymmetry depending on the choice of spin structure, in this case either | or |. 

2.4. n = Ak > 8. For n = 4k, k > 1, it is easily seen that the quotients S 7 /1.4k with weights (a, b, c) 
given by (1, 2k — 1, 2k — 1), (1, 2k + 1, 2k + 1), (2k — 1,2k + 1, Ak — 1) have four invariant spinors 
with respect to the positive spin structure and two with respect to the negative spin structure, the 
chiralities being the same in both cases. Similarly, the quotient with weight (1, 2k — 1, 2k+l) has two 
invariant spinors with respect to the positive spin structure and four with respect to the negative 
spin structure, again with chiralities agreeing. We conclude that the corresponding supergravity 
backgrounds AdS4 x(S 7 /Z4k) are either 5-BPS or i-BPS, depending on the spin structure. 

2.4.1. (1, 2k — 1, 2k — 1). In this case the spinors with weights ± =F ±=F and ± =F =F± are invariant 
relative to the positive spin structure, whereas the spinors with weights ± ± ±± are invariant 
relative to the negative spin structure. All have positive chirality. 
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2.4.2. (1, 2k + 1, 2k + 1). In this case the spinors with weights ± =F ±=F and ± =F =F± are invariant 
relative to the positive spin structure, whereas the spinors with weights ± ± =F=F are invariant 
relative to the negative spin structure. All have positive chirality. 

2.4.3. (2k— 1, 2fc + l, 4fc — 1). In this case the spinors with weights ±±±± and ±=F=F± are invariant 
relative to the positive spin structure, whereas the spinors with weights ±±=f=f are invariant relative 
to the negative spin structure. All have positive chirality. 

2.4.4. (1,2k — 1, 2k+ 1). In this case the spinors with weights ± ± ±=F are invariant relative to the 
positive spin structure, whereas the spinors with weights ± =F ±± and =F ± ±± are invariant relative 
to the negative spin structure. All have negative chirality. 

Moreover some experimentation suggests that these are (up to conjugation) the only cases where 
this phenomenon occurs. 

3. Conclusions and summary 

We have highlighted the importance of specifying the spin structure of the spacetime as part 
of the data defining a supergravity background by constructing examples of isometric M-theory 
backgrounds admitting more than one spin structure and preserving a different amount of super- 
symmetry depending on this choice. Our examples are products of AdS4 with lens spaces S 7 /1.4k. 
For fc = 1 the two backgrounds are, respectively, \- and |-BPS, whereas for fc > 1 they are \- 
and i-BPS, respectively. We expect this phenomenon to persist for other backgrounds which are 
products of AdS4 with a spherical space form. A systematic analysis of such backgrounds is under 
way and we will be reporting on these results in a more extensive forthcoming paper jlflj . 
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